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Reflections on a Black Mirror
Michael R.R. Good
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A black mirror is an accelerated boundary that produces particles in an exact correspon-
dence to an evaporating black hole. We investigate the spectral dynamics of the particle
creation during the formation process.
Keywords: black hole evaporation, moving mirror, dynamical Casimir effect
To understand particle creation from black holes, it is essential to consider the
time-dependent formation phase. Recently, it was shown1–3 that there is an exact
correspondence between a black hole and a moving mirror. That is, for a massless
minimally coupled scalar field in a (1+1)D spacetime in which a black hole forms
from the collapse of a null shell, and for the quantum amplification of modes for this
field which results from an accelerating moving mirror with a particular trajectory
in (1+1)D, the particle creation is the same. The moving mirror in this case is
called a black mirror.
First, before we investigate the black mirror’s early-time particle creation, allow
us to take a moment to inquire about a system which emits thermal radiation
forever4. In this case there is no time dependence for the particle creation. This
system, unlike the black mirror, is in equilibrium. The particles residing in each
frequency mode are Planckian:
Nω =
1
e2πω/κ − 1 , (1)
with temperature T = κ/2π. By construction, the immutable constant emission
of energy (F = κ2/48π) of this Carlitz-Willey4 moving mirror is echoed by the
eternal constant emission of Planckian distributed particles. The relevant beta
Bogoliubov coefficient for this eternally thermal moving mirror (henceforth called
the equilibrium mirror) is
βωω′ = − 1
2πκ
√
ω
ω′
e−πω/2κ
(
ω′
κ
)
−iω/κ
Γ
[
iω
κ
]
. (2)
One can see the form of the Planckian distribution of Eq. 1 by complex conjugating:
|βωω′ |2 = 1
2πκω′
1
e2πω/κ − 1 . (3)
Albeit, there is a pre-factor of 1/2πκω′ which is responsible for the total infinite
production of particles, residing in mode ω, when one integrates over ω′:
〈Nω〉 =
∫
∞
0
dω′|βωω′ |2 . (4)
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To avoid infinite particle production, and to remove this pre-factor in Eq. 3, one
most localize the production of particles in time and frequency. Following Hawk-
ing5, one uses orthonormal and complete wave packets to packetize and localize the
beta Bogoliubov coefficient in Eq. 2. Then, one has packetized beta Bogoliubov
coefficients6–8,
βjnω′ =
1√
ǫ
∫ (j+1)ǫ
jǫ
dω e
2πiωn
ǫ βωω′ . (5)
The values of n and j designate the time and frequency bins respectfully. The total
number of particles in any particular packet is then,
〈Njn〉 =
∫
∞
0
dω′|βjn,ω′ |2 ,
=
∫
∞
0
dω′
∫ (j+1)ǫ
jǫ
dω1√
ǫ
∫ (j+1)ǫ
jǫ
dω2√
ǫ
e2πi(ω1−ω2)n/ǫβω1ω′β
∗
ω2 ω′ ,
=
1
ǫ
∫ (j+1)ǫ
jǫ
dω1
∫ (j+1)ǫ
jǫ
dω2e
2πi(ω1−ω2)n/ǫ〈Nω1ω2〉 , (6)
where
〈Nω1ω2〉 ≡
∫
∞
0
dω′βω1ω′β
∗
ω2ω′ . (7)
The particles are localized in the range of frequencies jǫ 6 ω 6 (j+1)ǫ. They peak
in the range of times (2πn − π)/ǫ 6 u 6 (2πn + π)/ǫ. Further details about these
wave packets are discussed in Fabbri8 and Good-Anderson-Evans6. In the case of
the equilibrium mirror, the packetized particle count is founda exactly:
〈Nω1ω2〉 =
1
eω2/T − 1δ(ω2 − ω1). (8)
To see how there is no time dependence, one integrates with the Dirac delta function
by plugging Eq. 8 in the last line of Eq. 6. This causes the time dependence to cancel
out because the n time bin values, in the term e2πi(ω1−ω2)n/ǫ, are negated by the
Dirac delta function. Therefore, the particle count, for the equilibrium mirror,
becomes eternally time independent, 〈Njn〉 → 〈Nj〉:
〈Nj〉 = 1
ǫ
∫ (j+1)ǫ
jǫ
dω1
1
eω1/T − 1 . (9)
This integral is easy to do and the final result is:
〈Nj〉 = 1
2ǫ
log [sinh (j + 1)ǫ) csch (jǫ)]− 1
2
(10)
aThis delta function comes about with help from using the integral:
∫
∞
0
dω′ω′i(ω2−ω1)−1 =
2πδ(ω2 − ω1).
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where ǫ ≡ ǫ/2T , or alternatively expressed,
〈Nj〉 = T
ǫ
log
[
e(j+1)ǫ/T − 1
ejǫ/T − 1
]
− 1 . (11)
This is the exact Planckian distribution. It is this expression, Eq. 11, which will
allow us to numerically confirm, the late-time thermal emission of the black mirror.
This is the reason for investigating the equilibrium mirror first. The equilibrium
emission will help us explore non-equilibrium emission.
It is easy to check, that in an expansion of ǫ, one can obtain the more familiar
Planckian form. Keeping the center frequency, ωj ≡ (j+1/2)ǫ, constant, and doing
the series expansion, then 〈Nj〉 → 〈Nωj 〉, and Eq. 11 becomes the usual Planckian
distribution:
〈Nj〉 = 〈Nωj 〉+O(ǫ2), (12)
where
〈Nωj 〉 ≡
1
eωj/T − 1 (13)
and T = κ/2π. Eq. 13 is the discrete counterpart of Eq. 1 and for it to be accurate,
one requires a small ǫ < 1 wave packet parametrization. The exact Planckian
distribution, Eq. 11, will be more useful than Eq. 13, as an anchor for investigating
the time evolution of non-thermal systems, which eventually evolve into thermal
equilibrium.
Do we have an intuition about the exact Planckian distribution, Eq. 11? What
choice to make for ǫ as an intuitive parametrization for the wave packets? Our
preference is that it should be small, where Eq. 13 holds, yet not so small, that time
resolution is too coarse. Fine-grained frequency and time resolution is required
to analyze the spectral dynamics of the formation to a black hole. To this end,
we ask what is the typical angular frequency, ǫT for a Hawking quanta in thermal
equilibrium? Yan9 asserts that the general thermal de Broglie wavelength is:
λT =
2
√
π
T
(
Γ(d/2 + 1)
Γ(d+ 1)
)1/d
, (14)
using a massless linear dispersion relation with space dimensions d, and ~ = c =
kB = 1. Knowing this value, we could pick a packetization ǫ that is smaller, ǫ < ǫT ,
in order to resolve well in frequency, yet not be so small that we can’t also have
reasonably fine-grained time resolution for a non-eternal process. In our 1 + 1
dimensional setting, Eq. 14 gives,
λT =
π
T
, and fTλT = 1→ ǫT
2π
π
T
= 1 → ǫT = 2T. (15)
We are then justified in picking ǫ < ǫT = 2T , as a wave packet parametrization for
ǫ for good frequency resolution. Note that ǫ ≡ ǫ/2T = ǫ/ǫT . Let us pick
ǫgr = T ln
1 +
√
5
2
= T lnφ, (16)
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where φ = 1.618 is the Golden Ratio, such that T lnφ ≈ T/2. This means that our
choice of ǫgr is about 4 times smaller than the general thermal de Broglie angular
frequency, Eq. 15, ǫT = 2T . It also means a 5% relative error between Eq. 13 and
Eq. 11. That is, 5% error between the approximate familiar Planckian form and
the exact Planckian form, when j = 1.
However, the actual intuitive usefulness of our choice of ǫ = ǫgr, is that it gives
on average, one particle per packet, in the lowest non-diverging j = 1 frequency bin,
for 〈Nj〉:
〈Nj=1〉 = 1. (17)
This is checked by solving Eq. 11, using j = 1 and ǫ = ǫgr. This also happens to be
the same assumption as supposing that the total amount of particles detected on
average is exactly 2 particles, that is:
∞∑
j=2
〈Nj〉 = 1, (18)
or, of course,
∞∑
j=1
〈Nj〉 = 2. (19)
In this note, up until now, we have been looking at the equilibrium mirror. We
developed an intuitive tool set to understand the thermal equilibrium where particle
emission is discrete and one particle per packet is observed. Now we are in a better
position to time resolve the early-time, non-thermal history of the black mirror.
The black mirror trajectory is given by1,2
z(t) = −t− W (2e
−2κt)
2κ
, (20)
where W is the Lambert W function, and the horizon is taken to be on the t = −x
null ray. It is plotted in Fig. (1) and it begins at rest, at z = +∞ and at late times
asymptotically approaches the speed of light. At late times this trajectory is very
similar to the equilibrium mirrorb. The black mirror has particles in a non-thermal
distribution at early times and they only become Planckian at late times.
The black mirror has beta Bogoliubov coefficients,
βωω′ =
√
ωω′
2πκ(ω + ω′)
e−πω/2κ
(
ω + ω′
κ
)
−iω/κ
Γ
[
iω
κ
]
, (21)
with different form than equilibrium mirror beta coefficients of Eq. 2. The total
number of particles produced with frequency ω is Eq. 4 and therefore complex
conjugating, one finds
|βωω′ |2 = ω
′
2πκ(ω + ω′)2
1
e2πω/κ − 1 . (22)
bSee Good-Anderson-Evans6 or Good10 for the explicit equilibrium z(t) trajectory.
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Fig. 1. The black mirror in a spacetime di-
agram (the black trajectory) is overlaid with
the equilibrium mirror (the gray trajectory).
The accelerations are time dependent. The
horizon is at t = −x. We have set κ = 1.
Fig. 2. The two mirrors in a Penrose di-
agram. Notice that both start asymptot-
ically inertial. The black mirror starts at
rest, while the equilibrium mirror starts at
the speed of light. κ = 1.
Like the equilibrium mirror, we also see the explicit Planckian signature. It’s easy
to see that in the late time limit where ω′ ≫ ω, then Eq. 22 goes to Eq. 3,
|βωω′ |2 ∼ 1
2πκω′
1
e2πω/κ − 1 , (23)
and there is a thermal distribution of particles with temperature T = κ/2π. Late
time thermality was found 40 years ago by Davies-Fulling11 12 for particular late-
time behaved mirrors.
The black mirror beta can only be exactly analytically packetized at late times.
This is because the exact Planckian result, Eq. 11, holds. Early-time resolution is
only tractable numerically by using wave packets of Eq. 5 on Eq. 21. As a check,
one numerically confirms the late-time exact analytic Planckian distribution, Eq. 11.
The reason for first studying the equilibrium mirror before tackling the black mirror
head-on should now be clear: since we know a priori that the black mirror produces
late-time Planckian particles, we can anchor the late-time numerical precision and
accuracy goals against the exact Planckian distribution to gain confidence for the
early-time, non-thermal radiation. A plot of the time dependence of the particle
production for the frequency band ǫ = ǫgr and κ = j = 1 is given in Fig. (3). The
radiation emission is monotonic, i.e. here there is no black hole birth cry7. Since
black mirror radiation is black hole evaporation, the black mirror provides a window
into the early-time formation phase.
Acknowledgments
MRRG thanks Paul Anderson, Yen Chin Ong and Charles Evans for fruitful con-
versations. MRRG is supported by the Nazarbayev University Social Policy grant.
November 1, 2016 0:58 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in Good˙Reflections˙on˙a˙Black˙Mirror
page 6
6
Fig. 3. Black mirror particle flux in time.
The solid black line at the top is the num-
ber of particles produced in an exact Planck-
ian distribution, Eq. 11, 〈Nj=1〉 = 1. The
dotted-dashed line is the Planckian distribu-
tion, Eq. 13. Here j = 1, ǫ = T lnφ, κ = 1.
Fig. 4. Black mirror particle flux in fre-
quency. The black curve at the top of the
plot is the Planckian distribution as a func-
tion of the frequency, Eq. 11. Note that the
packet (j = n = 1) is in both Figs. Here
n = 1, ǫ = T lnφ, κ = 1.
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